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Primal—dual interior point methods

Consider the linear programming problem

min ¢’z max y'b
(P){ s.t. Azxz=0 s.t. ATy+z=c
x>0 (D) 220
yeR™

where A e R™" beR™,
ceR" xeR"” and m < n. where z € R™.
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Interior Point Method

@ The Karush—-Kuhn—Tucker conditions.

@ Mehrotra’s predictor-corrector method.

-07! T x rg—X"tr
I (191 i B

where © = Z71 X

e In practice

(AOATY Ay = AB(rg - X 'ry) + 7. (2)

@ Hybrid preconditioner.
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Hybrid preconditioner

This approach assumes the existence of two phases during interior
point iterations.

M (AATYM Ty = M (AO(rq— X 'ry) +1p). (3)

where 3 = M7 Ay.

@ The controlled Cholesky factorization preconditioner;

@ The splitting preconditioner.
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Controlled Cholesky factorization preconditioner

Consider:

@ The Cholesky factorization AOAT = LLT = LLT + R
Defining E=L-L

LN AAN LT = (L 'YL D) =(I+ L'E)I+ L7 'E)T.
@ The problem
m m -
minimize | E | = Yoo with ¢ =) |l - iil?
j=1 =1
Now ¢; can be split in two summations:
tj+r]

m
cj= 3 i =i+ > Gl
j=1

i=t;+n+1
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Controlled Cholesky factorization preconditioner

improvements

Choice of entries by value

Generalization of improved ICF

Versatile preconditioner

n M Storage
-m  diag(A0AT)1/2  less than A©AT
0 L equal to AOAT
m L more than AQAT

Predictable storage

Avoiding loss of positive definiteness by exponential shift
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Avoiding loss of positive definiteness by exponential shift

positive definite then there is a constant o > 0 such that an incomplete

Manteufell et. al., proved that if the coefficient matrix V is symmetric
factorization V + ol exists. J

CCF uses an exponential shift o; = 5-107*-2""! in order to have smaller
diagonal perturbations.

o 0;=5-10"0*) (named CCF10);
o o;=tol+5-107*-21"1 (named CCFe);
o o;=tol+5-107*-2i"1 + o (named CCFp).

where tol = 1078,
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Algorithm 1: LDL” Fatorization

Input: A matrix simétric definide positive A and n the order the A
Output: The matrix triangular L and the matrix diagonal D

for j<1ton do

dj = aj; - kadk

fOI‘Z<—]+1 tondo

1 .
L gzy d ( Z ¢ kdkgjk)
J

return L, D;
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Let be A scaled, for j=1,...,n

]_1 Z kdk or J—K dj 16](3 1),

j-2
where K =1- " ¢%.dy. So
k=1

y= K- dj,ll‘Q . (4)

where y =dj e x = {;(;_y).
If d; < tol, we propose a new method for calculate o using this
parabola. Then we a new parabola such that

d5V > tol.
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< K K(djj-1+a)

/ dii
J i(G—1) d/v(yv,l)

if K>0;
K+ (tol —dj) else.
We want d?ew > tol. So we need

where and K™V =

dj,l (tOl—d]' )
—(tOl—dj )

« dj-165(-1)

>0 else.
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1 0 0
0.9 0.19 0
0.5 -1.9474 0.02945 0
0.1 0.052632 9.1502 -1.4763

0
L= 0
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ds(tol — dy)
- = 0.043756..
T G2, (tol - ds)

1.043756 0.9 0.5 0.1 0
0.9 1.043756 0.08 0.1 0
V+oil= 0.5 0.008  1.043756 0.3 0.09
0.1 0.1 0.3 1.043756 0.9
0 0 0.09 0.9 1.043756
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Y
e - Sy
277 e o~ sy ~=\:::;€
1.043756 0 0 0 0
0.86227  0.26771 0 0 0
L=1047904 -1.31161 0.34368 0 0
0.09581  0.05145  0.78608  0.8211 0

0.86227 -2.89882 -3.95426 1.36644 —8.88887
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Y
- ”I—‘—: """ S ﬁﬁ;}izz“~~ —
2 lyy lo1~ sy a\::fg
a9 = a1 + 0.43756

1.043756 0 0 0 0
0.86227  0.26771 0 0 0
L=1047904 -1.31161 0.34368 0 0
0.09581  0.05145 0.78608  0.8211 0

0.86227 -2.89882 -3.95426 1.36644 —8.88887
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With
a9 =01 + 0.043756

A new matrix is

1.08751 0.9 0.5 0.1 0
0.9 1.08751  0.08 0.1 0
V+asl=| 05 0.008  1.08751 0.3 0.09
0.1 0.1 0.3 1.08751 0.9
0 0 0.09 0.9 1.08751
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Y
RS
//:/ \:g\\\
/’I,;/I qrj 613 \\\\L\\‘\ \
iy U5y U N
," ,’,," L \\:\\- |

1.08751 0 0 0 0

0.47997  0.65554 0 0 0

L =10.26665 -0.24406 0.91514 0 0

0.05333 0.07933  0.31255 0.98866 0
0.47997 -0.65897 -0.27910 0.16801 0.27168
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Numerical experiments

NETLIB problems

Iteration Time performance
Problem CCF CCF10 CCFe CCFp CCFp CCF CCF10 CCFe CCFp CCFp
bnl2 37 37 37 37 37 1.87 3.11 2.45 2.85 3.77
degen3 16 16 16 16 16 5.40 4.09 4.88 4.31 3.89
nesm 31 31 31 31 31 1.62 1.65 1.56 1.67 1.82
scsd8-2b-64 7 7 7 7 7 1.37 1.29 1.29 1.32 1.40
scsd8-2c-64 7 7 7 7 7 1.35 1.26 1.26 1.32 1.36
scsd8-2r-432 18 18 18 18 18 10.30 10.05 10.05  10.41  10.30
stocfor2 21 23 21 21 21 1.20 1.41 1.20 1.20 1.47
stocfor3 32 32 32 32 32 87.88 78.78 89.08 102.16  80.67
BL 38 39 38 38 38 18.04 16.16 17.50 15.43  38.61
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Numerical experiments

QAP problems

Iteration Time performance
Problem CCF CCF10 CCFe CCFp CCFpB CCF CCF10 CCFe CCFp CCFg
els19 31 31 31 31 31 43.47 43.83  43.53  46.49  44.92
chr22b 29 29 29 29 29 19.76 19.35 1855 20.14  17.15
chr2ba 29 28 28 28 29 42.48 41.61  42.00 41.73 36.24
scrlh 24 24 24 24 24 7.76 6.63 7.70 6.66 6.33
scr20 21 21 22 21 21 60.98 55.73  59.40  56.19  54.35
rou20 24 24 24 23 24 755.41  625.90 84545 625.16 663.19
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Numerical experiments

KENNINGTON problems

Iteration Time performance
Problem CCF CCF10 CCFe CCFp CCFp CCF CCF10 CCFe CCFp CCFp
cre-a 27 27 27 27 27 7.63 5.44 6.81 5.53 4.61
cre-b 43 43 43 43 43 43.28 52.84 42.86 53.66 51.98
cre-c 27 26 26 26 26 5.74 4.45 5.56 4.61 3.07
cre-d 42 41 41 43 43 27.91 33.23 27.82 34.28 32.85
ex05 39 39 39 65 65 5.85 12.09 5.61 13.29 11.99
ex09 45 51 45 51 51 51.01 61.97 45.92 64.46 59.75
kenl1 23 22 22 22 23 10.17 13.78 9.78 12.49 15.34
ken13 29 29 28 32 29 93.64  102.12 88.38  100.18 141.62
kenl8 41 41 40 42 38 1014.74 1287.95  943.40 1286.81  1096.73
pds-06 39 39 39 40 38 8.19 7.37 8.17 7.26 38.98
pds-10 47 47 47 46 47 18.48 14.70 17.41 14.33 168.17
pds-20 60 62 61 62 59 214.59 21391  209.32  229.33 928.28
pds-40 78 T 78 79 7 395.70  376.30 407.84  370.89  4521.67
pds-60 84 83 84 83 84 1076.86  1004.52 1082.16 1053.24 11160.55
pds-80 83 83 83 83 83 1509.34 1339.18 1551.40 1351.95 15848.94
pds-100 87 85 85 87 83 2573.59 2419.53 2322.75 2507.77 28371.93
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